I. INTRODUCTION
HE introduction of the notion of Input-to-State Stability (ISS) in [24] for finite-dimensional systems described by ordinary differential equations, led to an exceptionally rich period of progress in mathematical systems and control theory. The notion of ISS and its characterizations given in [25, 26] were proved to be extremely useful for the expression of small-gain results (see [7, 8, 9] ) and for the construction of robust feedback stabilizers (see for instance the textbooks [17, 21, 27] ). The notion of ISS was extended to the notion of Input-to-Output Stability (IOS) in [28, 29, 6] and to the non-uniform in time notions of ISS and IOS in [12, 13, 15] (which extended the applicability of ISS to time-varying systems). Recently, semi-uniform notions of ISS have been proposed in [22] . The notions of ISS and IOS were recently proposed and characterized for discrete-time systems (see [10, 11, 14] ) as well as for a wide class of systems with outputs (see [13] ). It is our belief that the notions of ISS and IOS have become one of the most important conceptual tools for the development of nonlinear robust stability and control theory for general controlled dynamical systems.
In this work we develop characterizations of various robust stability notions for uncertain systems described by Retarded Functional Differential Equations (RFDEs), including uniform and non-uniform in time ISS and IOS. The stability notions proposed in the present work are parallel to the robust stability notions used for finite-dimensional systems. Thus, it is expected that the results of the present paper will play an important role in mathematical systems and control theory for the important case of systems described by RFDEs. We first study characterizations of notions of robust global asymptotic output stability for systems of the form (1) under weak assumptions (Section III of the paper). A major advantage of allowing the output to take values in abstract normed linear spaces is that using the framework of the case (1) we may consider:
 outputs with no delays, e.g. 
Moreover, it should be emphasized that our assumptions for (1) are very weak, since we do not assume boundedness or continuity of the right-hand side of the differential equation with respect to time or a Lipschitz condition for f . Furthermore, we do not assume that the disturbance set
Notions of output stability have been studied for finitedimensional systems described by ordinary differential equations (see [28, 29, 6, 13, 15] ). For systems described by RFDEs the notion of partial stability (which is a special case of the notion of global asymptotic output stability) has been studied in [1, 2, 5] . Particularly in [1] , the authors provide Lyapunov characterizations of local partial stability for systems described by RFDEs without disturbances.
Lyapunov characterizations of Robust Global Asymptotic Output Stability (RGAOS) for systems described by RFDEs with disturbances (case (1)) are provided, without the hypothesis that the attractive set is invariant and without the assumption that the right-hand side of the differential equation (1) is bounded with respect to time. Particularly, we consider uniform and non-uniform notions of RGAOS, which directly extend the corresponding notions of Robust Global Asymptotic Stability of an equilibrium point (see [2, 3, 4, 16, 18, 19, 20] ).
We next continue with the study of the effect of nonvanishing perturbations for systems described by RFDEs (Section IV 
, where 0  r is a constant. See Section II for details on other technical assumptions on
. In Section IV, we provide characterizations of the IOS property for systems of the form (2) under weak hypotheses. The study of the uniform ISS property for autonomous systems described by RFDEs, was recently initiated in [23] .
Due to space limitation all proofs are omitted and are available upon request from the authors. , w i t h the property that there exists a countable set 
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II. MAIN ASSUMPTIONS AND PRELIMINARIES FOR SYSTEMS DESCRIBED BY RFDES
In this work we consider systems of the form (1) under the following hypotheses: 
is locally Lipschitz, in the sense that for every bounded
and for every
An important property for systems of the form (1) is Robust Forward Completeness (RFC) (see [13] ). This property will be used extensively in the following sections of the present work. We denote by ) ; , , (
 the " rhistory" of the unique solution of (1), i.e.,
Definition 2.1: We say that (1) under hypotheses (H1-5) is Robustly Forward Complete (RFC) if for every
Concerning systems of the form (2) the following hypotheses will be valid throughout the text:
 is continuous for each fixed 0  t and such that for every bounded
(S3) There exists a countable set
The mapping H satisfies previous hypothesis (H5).
An important property for systems of the form (2) is Robust Forward Completeness (RFC) from an external input (see [13] ). We denote by ) , ; , , (
Definition 2.2: We say that (2) under hypotheses (S1-7) is robustly forward complete (RFC) from the input
In order to study the asymptotic properties of the solutions of systems of the form (1) or (2), we will use Lyapunov functionals. Let
, where r h   0 and n v   we denote the following operator:
The following definitions introduce important classes of functionals.
TuD04.1 Definition 2.3: We say that a continuous functional
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is "almost Lipschitz on bounded sets", if there exist non-decreasing functions
, the following properties hold: 
Definition 2.4: Suppose that there exists a continuous mapping
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III. ROBUST GLOBAL ASYMPTOTIC OUTPUT STABILITY (RGAOS)
In this section we introduce the reader to the notion of non-uniform in time and uniform Robust Global Asymptotic Output Stability (RGAOS) for systems described by RFDEs and we provide different equivalent characterizations for these notions. 
(e) (1) is RFC and there exist a lower semi-continuous mapping
         ) ]; 0 , ([ : 0 n r C V  , a constant 0   , functions   K a a 2 1 , ,   K   , with     0 ) ( dt t  , E   (see
Notations) and
being positive definite, such that the following inequalities hold: 
then the requirement that (1) is RFC is not needed in statements (c) and (d) above.

IV. INPUT-TO-OUTPUT STABILITY (IOS)
In this section we first introduce the reader to the notion of Weighted Input-to-Output Stability (WIOS) for systems described by RFDEs. 
Definition 4.1: We say that (2) under hypotheses (S1-7) satisfies the Weighted Input-to-Output Stability property (WIOS) from the input
of (2) We are now in a position to state characterizations for the WIOS property for time-varying uncertain systems.
then we say that (2) satisfies the Uniform Weighted Input-to-Output Stability property (UWIOS) from the input
U M u  with gain K   and weight   K  . (ii) if 1 ) (  t  ,
then we say that (2) satisfies the Input-toOutput Stability property (IOS) from the input
U M u  with gain K   . (iii) if 1 ) ( ) (   t t   ,
Theorem 4.2: The following statements are equivalent for system (2) under hypotheses (S1-7):
(a) System (2) 
of (2) (2) 
(c) There exist a locally Lipschitz function
  K  , functions   K  ,
such that the following system is nonuniformly in time RGAOS with disturbances
where
TuD04.1 (d)
There exist a Lyapunov functional
, which is almost Lipschitz on bounded sets, functions
(e) System (2) 
then inequality (18) in statement (e) can be replaced by the following inequality:
In order to obtain characterizations of the uniform IOS property, we need an extra hypothesis for system (2). 
Hypothesis (S8) allows us to provide characterizations for the UIOS property for periodic uncertain systems.
Theorem 4.3: Suppose that system (2) under hypotheses (S1-8) is
 T periodic. The following statements are equivalent:
of (2) with
, satisfies the following estimate for all (2) satisfies the UIOS property.
(c) There exists a locally Lipschitz function
for the system:
where 
then inequalities (23) , (25) 
The following theorem provides sufficient Lyapunov-like conditions for the IOS property. 
Theorem 4.4: Consider system (2) under hypotheses (S1-7) and suppose that there exist a Lyapunov functional
Moreover, suppose that one of the following holds:
Then system (2) 
, satisfies the following estimate for all The following example presents an autonomous time-delay system, which satisfies the WIOS property and does not satisfy the IOS property. 
Consider the functional: 
V. CONCLUSIONS
In this work Lyapunov-like characterizations of nonuniform in time and uniform Robust Global Asymptotic Output Stability (RGAOS) for uncertain time-varying systems described by Retarded Functional Differential Equations (RFDEs) are developed. Moreover, the notions of uniform and non-uniform in time Input-to-State Stability (ISS) and Input-to-Output Stability (IOS) are introduced. Necessary and sufficient conditions in terms of Lyapunov functionals are provided for these notions. The framework of the present work allows outputs with no delays, outputs with discrete or distributed delays and functional outputs with memory.
The robust stability notions and properties proposed in the present work are parallel to those recently developed for dynamical systems described by finite-dimensional ordinary differential equations. Just as the popularity gained by the notions of uniform and non-uniform in time RGAOS, ISS and IOS in the context of deterministic systems, it is our firm belief that the stability results of this paper will play an important role in mathematical systems and control theory for important classes of systems described by RFDEs.
